A group in which every element commutes with its endomorphic images is called an Egroup. Our main result is that all 3-generator E-groups are abelian. It follows that the minimal number of generators of a finitely generated non-abelian E-group is four.
Introduction and results
A group in which each element commutes with its endomorphic images is called an "E-group". It is known that an E-group is a 2-Engel group, and thus it is nilpotent, of nilpotent class at most 3. All abelian groups are trivially E-group, non-abelian E-groups of class 2 exist (see e.g., [3] and [4] ) and examples of E-groups of class 3, asked by A. Caranti [7, Problem 11 .46 a], are not known. The first examples of non-abelian E-groups are due to R. Faudree [5] . Faudree's examples are 4-generator. Our main result is to prove that 4 is the minimal number of generator of a non-abelian E-group.
Theorem 1.1. Every 3-generator E-group is abelian.
The unexplained notation follows that of [1] . In [1, Theorem 1.1] we showed that a finite 3-generator E-group is nilpotent of class at most 2, and it is proved in [1, Theorem 1.3] that an infinite, 3-generator E-group is abelian. Thus, to prove Theorem 1.1, we are left with ruling out the case of a finite p-group, which is a 3-generator E-group of class 2. To prove the latter, the main ingredients are the following:
(1) Theorems 2.2 and 2.5. In these theorems we classify 3-generator pE-groups by introducing the groups G(p, r, t, [t ij ]). (2) The result of Morigi [9] concerning p-groups with an abelian automorphism group, for p odd, (Theorem 4.1) and an adaptation to the case p = 2 (Proposition 4.2). (3) Lemma 2.7 in which we have proved a dichotomy for endomorphisms of a 3-generator pE-group: they are either central automorphism or their images are contained in the center.
Classification of 3-generator pE-groups
In [1, Theorem 2.10], a complete classification for all 3-generator pE-groups for p > 2 is given. Here we classify 3-generator 2E-groups (Theorems 2.2 and 2.5, below). We also determine all pE-groups whose derived subgroups are cyclic (Theorem 2.4, below). r , exp(G ′ ) = p t and (p > 2 or (p = 2 and exp(G ′ ) = 2 r )). Then |G| = p 3(r+t) and G has the following presentation
where 1 ≤ t ≤ r and [t ij ] ∈ GL(3, Z p t ). Moreover every group with the above presentation is a pE-group.
Proof. For the case p > 2, the proof is the same as the proof of Theorem 2.10 of [1] . For the other case, we need some modifications in the proof of the first case because of technical details. However we give the following proof covering both cases. By [1, Theorem 2.9], cl(G) = 2. Suppose that
and every element of G can be written as a i b j c k for some i, j, k ∈ Z, and
Now consider G = Z p r+t × Z p r+t × Z p r+t and define the following binary operation on G:
It is easy to see that, with this binary operation, G is a group and G ∼ = G. Now one can easily see that the group G has the required presentation.
Notation. For any prime number p, and integers r, t with 1 ≤ t ≤ r and [t ij ] ∈ GL(3, Z p t ), we write G(p, r, t, [t ij ]) to denote the group G with the presentation given in Theorem 2.2.
. Then H and K are normal subgroups of G. We see that G = HK and
On the other hand, we have
Theorem 2.4. Let G be a non-abelian pE-group with cyclic derived subgroup. Then G is isomorphic to
, for some non-negative integer n. Proof. Since G is a p-group and G ′ is cyclic, there exist elements a, b ∈ G such that
This implies that G is abelian, a contradiction. Thus p = 2. Since G ′ is a cyclic 2-group and a 
and so H ∼ = Q 8 . Now we claim that G = HC G (H) and C G (H) is an elementary abelian 2-group. Assume on the contrary that there exists an element g ∈ G such that g / ∈ HC G (H). Then g 2 = 1 and g 2 = a 2 = b 2 and so (ga)
Then gab commute with a and b. Thus g ∈ HC G (H), a contradiction. Next suppose that there exists x ∈ C G (H) such that x 2 = 1. We have x 2 = a 2 and (xa) 2 = 1. Then xa ∈ Z(G) and so 1 = [xa, b] = [a, b] which is impossible. Hence our claim is proved. Also we have H ∩ C G (H) = Z(H) = a 2 and so C G (H) = a 2 × E for some elementary abelian 2-group E. Hence G is isomorphic to H × E and the proof is complete. Now we complete the classification of 3-generator pE-groups.
Theorem 2.5. Let G be a non-abelian 3-generator 2E-group such that exp(
Then G is isomorphic to one of the following groups:
Proof. Suppose that
r , |cZ(G)| = 2 s and 0 ≤ s ≤ r. If s = 0, then G ′ is cyclic and so by Theorem 2.4, G is isomorphic with Q 8 × C 2 . Therefore we may assume that s ≥ 1. Clearly we have
s is a cyclic 2-group, we may assume that a
. Therefore in this case r = 1 , |G| = 2 5 and so by GAP [6] one can easily see that G has a presentation as in either (ii) or (iii). Then we may assume that v ≥ 1 and
′ . If r = 1 then |G| = 64 and by GAP [6] it can be seen that there exist exactly four 2E-groups G such that exp(
Thus we may assume that r > 1. We prove that a where z 1 , z 2 , z 3 ∈ Z(H) and i 1 , j 1 , . . . , k 3 ∈ {0, . . . ,
 by Lemma 3.1 we have T A = (adjA)T . Now we define the map α on G by
By Lemma 3.1, α can be extended to an endomorphism of G and by Lemma 2.7, α is a central automor-
It follows that A is the identity matrix and so β is a central automorphism of H. If Imα ≤ Z(G), then we similarly obtain that A is the zero matrix and so Imβ ≤ Z(H), a contradiction. Therefore all the automorphisms of H are central so that they fix the elements of H ′ = Z(H). If ϕ, ψ ∈ Aut(H), then h ϕψ = h ψϕ for every h ∈ {x, y, z}. Hence Aut(H) is abelian which contradicts Theorem 4.1 or Proposition 4.2 except when p = 2 and t = 1. In this case |H| = 64 and it can be easily checked by GAP [6] that there exist no 2E-group of order 64 having an abelian automorphism group, a contradiction. Case II: p = 2 and t = r. By Lemma 2.7 every automorphism of G is central and so Aut(G) is abelian (since G ′ = Z(G)). As in Case I we reach to a contradiction. This completes the proof.
We end the paper with a result which generalizes [1, Theorem 2.9].
Theorem 4.3. There exists no pE-group of class 3 such that G = x 1 , x 2 , . . . , x n and for every i ∈ {1, 2, . . . , n}, the set [x i , x j , x k ] | 1 ≤ j < k ≤ n, j = i = k is a linearly independent subset of the elementary abelian 3-group γ 3 (G).
